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The purpose of this note is to extend the work of Lalley [L] and Auger 
[A] on “infiltration games” on certain classes of graphs to an arbitrary 
graph by a simple application of Menger’s Theorem [H, Theorem 5.91. 
Infiltration games, as proposed by Gal [G, Sect. 4.61 and generalized by 
Auger [A], are determined by specifying two vertices a and b of a connected 
graph G, and a “capture probability” 1 - 2. In the infiltration game 
r= f(G, a, b, 2) the Infiltrator chooses a path p = (a =p(O), p(l), ,,,, 
p(T) = b) from a to b in G of any length, and the Guard chooses a map 
g: { 1,2, . ..} + V- {a, b), where V denotes the vertex set of G. The inter- 
pretation is that at time t the Infiltrator and Guard are at the vertices p(t) 
and g(t), and the Guard will capture the Inliltrato’i with probability 1 - A 
if they coincide. In the zero-sum game r the payoff I7 is the probability 
that the Infiltrator (maximizer) safely reaches the target vertex b, 
Z7(p, g) = A*, where q is the number of times p and g coincide. In some 
versions a time bound n is put on the length T of Infiltrator paths p, and 
the game is denoted f(G, a, b, 1, n). Related “searchlight” games are 
discussed in [BB, OPl, OP2, R]. 
Recently Auger [A] has extended the work of Lalley [L] by giving a 
complete solution, for arbitrary time bounds n, of the infiltration games on 
the graphs L = Lk(mI, m2, . . . . mk) consisting of two vertices a and b joined 
by k vertex disjoint paths with m,, . . . . mk (total m = C: mi) interior vertices. 
The value of the game T(L, a, b, A, n) is given by 
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Letting n go to infinity, Auger showed that the s-value of the infinite game 
(with no time bound) is given by 1 - (1 - k)/k. In this note we use 
Menger’s Theorem to show that this last result holds for an arbitrary graph 
if the parameter k is interpreted appropriately. To this end recall that a set 
SC V is said to separate the vertices a and b if they lie in different 
components of the graph G - S. Menger’s Theorem says that the minimum 
number of vertices in a set that separates a and b equals the maximum 
number of vertex distinct paths between a and 6. The following result 
shows that Auger’s limiting value holds for an arbitrary graph if k is taken 
to be this common number. The proof, aside from the use of Menger’s 
Theorem, is a simplification of the more subtle techniques of Lalley and 
Auger for finite n. 
THEOREM 1. Let k denote the minimum number of vertices separating 
two nonadjacent uertices a and b of a finite connected graph G. Then for 
any A E [0, 1 ), the value of the game T(G, a, b, i) is 1 - (1 - l-)/k. Further- 
more, given any time bound n>#V we have v(k, #V,,l,n)d 
value(r(G, a, b, I., n)) < 1 - (1 - 2)/k. 
Proof: An optimal strategy for the Guard is to wait forever (constant g) 
equiprobably at one of the k vertices of some fixed set separating a and b. 
Since by definition of separating any Infiltrator path passes through one of 
these vertices, the expected payoff is bounded above by the asserted value. 
To obtain an c-optimal Infiltrator strategy, we invoke Menger’s Theorem 
to name k vertex disjoint paths p’, . . . . pk from a to b. Let T denote the 
maximum length of these paths, and label them all as pi(t), t = 0, . . . . T, by 
having the shorter paths wait at a for an appropriate initial time period. 
We now employ the “wait and run” strategies of Lalley and Auger: Choose 
J large and for j = 1, . . . . J, define pi to be the path which waits at a for j 
periods and then follows the path pi (pj( t) = pi( t -j) for j < t <j + T). Now 
consider the mixed strategy for the Infiltrator which chooses one of the kJ 
wait and run strategies pj equiprobably. Observe that the Guard can only 
intercept any of these strategies during a period t = 1, . . . . T, and that in 
such periods t the vertices p:(t) which are not a or b are disjoint. It follows 
that any Guard strategy can intercept at most Jt T of the kJ possible 
Infiltrator paths, and a simple convexity argument [L] shows that the 
Guard can not do better by intercepting fewer paths multiply. Hence the 
expected payoff guaranteed by the above mixture of wait and run paths is 
at least 1 - ((J + T)/kJ)( 1 - n). Given any E > 0 we may choose J sufficiently 
large so that the expected payoff exceeds 1 - (1 - i)/k - E, proving the first 
assertion. 
Given any time bound n 2 T (of above proof), the Infiltrator can restrict 
his movements to the graph L, consisting of the k disjoint a-b paths p’. 
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For this graph we have m < # V. The second assertion now follows, since 
Auger’s formula has the value decreasing in m. 1 
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